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SUMMARY

In this paper an approximate theory for the moderately large motion of transversely isotropic (orthotropic) plates is
presented. Unlike other methods used in the past, the method used here involves no artificial assumptions. The
method of approach begins with the equations of a partially non-linear elasticity theory and utilizes a method of
asymptotic integration to arrive at successive two-dimensional approximations of increasing accuracy. The first
approximation theory obtained here is the dynamic counterpart of Karman’s plate theory. It includes the effect
of rotatory inertia.

1. Introduction

This paper concerns itself with a systematic derivation of two dimensional approximations for
the vibrations of transversely isotropic (orthotropic) plates from the known equations of a
partially non-linear theory of three-dimensional elasticity. The method used is that of asymp-
totic integration which combines dimensional analysis with the expansion in powers of a
small dimensionless parameter of the solution of the three-dimensional theory [1]. This
technique was used in a previous article in this journal [2] to derive an iterative static large
deflection theory for anisotropic plates.

For static problems the application of the method proceeds as follows : Plate dimensions are
introduced via changes of the independent variables. The stresses and displacements are then
non-dimensionalized and expanded in terms of a small geometric parameter. After introducing
these expansions into the three-dimensional equations and equating equal powers of the para-
meter, sequences of systems of differential equations are obtained. The lowest order system
represents the simplest approximate thin plate theory. The higher order systems incorporate
thickness effects.

The extension of this method to dynamic problems is accomplished by introducing a length
scale via the non-dimensionalization process and assuming that this length scale is also ex-
pandable in terms of the small geometric parameter. Depending on how one chooses this length
scale, different two-dimensional stress states can be derived. The length scale is thus the
characteristic wavelength associated with each theory. Expansion of the length scale allows for
a correction of this characteristic wave-length due to the addition of higher order effects. For
cylindrical shells this was previously demonstrated in [3].

Our attention in this paper is restricted to a length scale which is of the order of a character-
istic length of the plate. Length scales of the order of the thickness k of the plate yield simplified
elasticity equations. For static problems, these boundary layer stress-states need to be con-
sidered if a more exact approximation to the three-dimensional solution near the edges is
desired (see, for example, [4]). For the problem of longitudinal wave propagation in cylindrical
shells, it was shown in reference [3] that a theory corresponding to a length scale of O(h) is
needed to be able to obtain by superposition a wave velocity-wavelength spectrum valid for
the whole range of wavelengths.

The first approximation equations obtained in this paper are the dynamic counterpart of
the well-known von Karman equations [ 5]. Although the asymptotic method used here yields
expressions for the transverse shear and normal stress components, their effect is absent in
the stress-strain relations. The effect does appear in the equations of the second approximation.
The effect of rotatory inertia, though, is present in the first approximation theory.
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2. Basic Equations

Consider a plate made from a transversely isotropic (orthotropic) material and identified
with a Cartesian coordinate system x; (i=1, 2, 3), such that x; =0 represents the middle surface
of the plate. Let the x;-axis be the axis of symmetry. If the thickness of the plate is taken as 2h,
the plate then occupies a region bounded by two parallel surfaces x; = +h and a cylindrical
surface having generators normal to the middle surface. It is assumed that the order of magni-
tude of the thickness is small compared to a representative length L along the cylindrical
boundary. Within the framework of a partially nonlinear theory of elasticity [ 5], the governing
equations can be written as

Strain-Displacement Relations

1.2 — 1,2 —
E11 = U1 1T 3US 1,  Ea2=Upat3U3n,  E12=UpptUz ity Uz,
By3 = Up3tlUs,, E33= U3 (1)
where ¢;; denote the strain components and u; the components of the displacement vector.

Equations of Motion

OupatOp3,3=PUpy, Oazat (Gaﬂ Uz p)at 0333 = PlUsy )

where ¢;; denote the stress components and p is the mass density.
Constitutive Equations

Vi 1 V3
€11 ZE(Ull_Vazz)_‘E‘Uss, 322:E(022_VU11)—E‘033
3 3

€33 = — 0 ~E(or +0,,), € ——2(1+v)0
33 E3 33 E3 11 22/, 12 — E 12
1
13 = G_30'13, £33 = G‘sﬂza 3)

where E, E;, G5, v and v; are elastic constants. In the above, Latin indices range from one to
three while Greek indices range from one to two. A comma preceding a subscript i denotes
partial differentiation with respect to the coordinate.

For simplicity’s sake the boundary conditions are taken as

013=053=033=0 (x3= ih) (4)

3. Asymptotic Approximation

We introduce dimensionless coordinates as follows :
X3
h b
where [ is an as-yet unspecified length scale and w is the frequency. Dimensionless stresses and
displacements are defined by

[ —y® 1—v? B
ua=< £ )Lava, u3=( £ >L0'/1 1o,
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e o . 2
Oup = OSyp, Ou3=0AS3, 033=04"S33

where
h
I=— <
;<1 (7)

and o is a representative stress level. In terms of these dimensionless variables, the fundamental
equations can be rewritten as follows:

2 v,
U3 3 = vA)v $33 = V(S11+522)

1—v?| v,y
3= ;1703’1 - (12_1,.‘)),12513
Uz,3 = — %Ua,z + (IZ_Inv> A%533
§11 = VS = 1=V T N L(zl‘u_zz?z 34
Sy, — VS, = v Vg VuA®S33 — y_(% v3,

1—wW\[1 y(1—v?)2
S12 = <T> l:/l (V1,24 05,1) — i#lel‘ V3,2 Ua,{l

(S11,1+5122)+ W20y ..

==

S13,3= —

—_

_ 2
S233 = — ;(512,1+522,2)+W (R

1 y(1—v?
$33,3= — ;{513,1 +523,0 + (—ﬂl [(511U3,1+512U3,2),1
2
+(S1203,1+822032) 2] } + 7 ERT (8)
Here,
! 1—v? o
=—, W2=<~——) 202, = —
=T E /)P VTE
v, : E ©)
v, =—EFE, I = ———F+r
E, 2(1+v)G,

The dimensionless variables are introduced in such a way that the order of all variables and
their derivative is 0(1). We also consider only dimensionless groups of material constants which
are 0(1). In view of condition (7), it is therefore reasonable to assume that we can expand
the stresses and displacements in terms of a power series in A% [see Eq. (8)],
M M
S= Y. smoUm g = Y pmm D R (10)
m=1

m=1

where s~V (&, 1), t!" V(& 1) do not depend on A for m=1,2, ..., M—1 and the remainders
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S (&, T5 A), (&, 75 A) are assumed tc¢ be such that they tend to a finite limit as 1 ap-
proaches zero.
Length scale [ is as-yet arbitrary. As it appears in Eq. (8) in terms of the ratio 1/u, we assume
that we can also expand this ratio in terms of a power series in A2,

1 N
J— Z #(n)/12n (11)
U n=0
where p™ = 0(1). Form (11) implies I=0(L).
On substituting expansions (10) and (11) into Eq. (8) and equating corresponding powers of
22, successive systems of differential equations are obtained. The first two systems are :

First System

0) _ 0) _ 0),.(0 0) _. 0),,(0
WA= 0 o O o= )
0 0) _ 2\ ,,(0) (0 7 232 (0)2,,(0)2
S = (L), + ) (19202 )
b4

0 0) __ 2 0),.(0 232 ,.(0)2,.(0)2
=St = (1)) + 2 (120

N |

1—v 2
s@:(z)uwmewrwu—ﬂwW&w%]

0 0 2,40
(0) (0 [¢) 2,0

s )u )( ( ) ) W 1)(2 )tt

0 0] (0 0 0)2 0 0 0 0

{ )! ”( )( )’ s( ), ,:(] ) (0) |(s( )v( ) S( )17( ’) )’

(0,0 0),,(0 2 .40
+ (51305 +58308%) o] + WL,

»

Second System

v
1 0 0
0(3,)1 = - (1 ___"v2> (S(ll) +S(22))

21
1) __ 1) .,(0 0) (1 0
v&,’a——(u‘)v‘a,i+u‘>v‘3,l)+< ~) s

21
1 1) .,(0 8 0
vk = — (Do + O 08)) + <~—~ 593
1 1) 2 1 0 0) (1 0
S —vs§d = (1= v (Do + ) v s+

1)2 ,(0)2 1 0) (0 1 0)2,,(1)2
(12 [ 007+ a0 o) + 107 ]

I\)J‘€

(1—v?)?

1)2 ,.(0)2 1 0) ,,(0 1 0)2 .(1)2
X [ U024 O o)+ %o 2]

s

S vl = (1= v2) (Vo + 0 )) +v, 59 +

o2

1—v
s = (1) (00 0+ e+ 1 =2

1)2 (0 0
X [#( ) U( ) U( ) +2‘u(1) (0)(0(30)1 0(31,)2_'_0(31,)10(2 )+u(0)2 (1) U(l)]}

B 2
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1 {0 0 0) ((1 1 2.1
sy = —pu P+ ) —u O+ ) + W,

1 1)((0 0 0) /(1 a 2. (1
933 = — (s + 552 2) — 1O (83 1 +55 ) + W,

1 1 0 0) (1 (1 2 (1) 2
5(332,3 = .U( )(S( 1+s(23),2) ( )(5(13) 1+ 23) 2)+W U3, n_V(l—V )

x LTU2 (580 00) + 5 005) + 2D O (s 1) + 50 v + 5 o) + 5Q o)) +
0)2 1 1 (1

RO + s

+ L2 (s Q0 + 5D 080) + 2D u @ (s 0P + 58 08 + 58 08 + 583 08))

+ O (1305} +s29052)].1 (13)

w2—__ (14)

With regards to Eq. (12) and (13), the following is to be noted. Each system of equations can
be integrated with respect to &5 in a step by step manner. The asymptotic method used here
leads to a solution giving all stress coefficients—inclucing those of transverse shear and normal
stress. It is to be noted, however, that the transverse terms from the stress-strain relations do
not appear in the first approximation system (12). Such terms first appear in the next system
(13), as indicated by the presence of I, and v,. Scaling (14) indicates that the tangential frequency
is of a higher order compared to the transverse frequency. Finally, it is necessary to expand
length scale ! due to the fact that the wavelength-frequency spectrum associated with a plate
theory which includes second order effects must differ from that of the first approximation
spectrum. The expansion of 1/u accomplishes this for each higher order systemyields a correc-
tion to the first approximation system (as shown in [3]).

In the following only the first approximation equations will be considered, as these yield the
thin plate equations. The procedure for the higher order systems is analogous to that for the
first, only lengthier.

4. First Approximation Theory

Integration of the first eight equations of (12) with respect to &, yields (omitting the super-
scripts on the stress and displacement coefficients):

v3=V3(&1, &0 7) (15)
vy =V (&, & ) — @ V3183 (16)
=V, (&1, &0 1) — 1OV 5 &5 17
Y
s11= OV +vVo, + 5 A=y W3 +vV3 ) — O (Vs 11+ Vs 22) &3] (18)
Y
S35 = ¥ |:VV1,1 +V,, + 5 A=) OOV3 + Vi) —uO0Va 1+ V3,22)53:‘ (19)
1—v :
S12 :< 3 )/‘(O)[Vl,z +V ‘f‘W‘(O)(l - Vz) Va1 Vi _2H(0) Vi, 12 és] (20)

1—v 1+v w2
S13=813(¢1, &2 7) = (0)2{1/1 11 ‘f‘( 3 > X V1 22 +< 3 ) V212 _WV1,11+

, 1+
R TR S IR R

W2 2
@3 [(Vz i = o Va,n>,1] 5 @)
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1—v 1+v w?2
23 = 823(¢1, &5, 7) — (0)2{ Va2 <T> Vaur + ( 5 >V1 12 = 03 Ve T
u
' 1+v
+u‘°)%(1 —v?) [(1 —V) V3, V2V, + <—2—>(V§,2+ Vg,l),z} }53
W2 2
43 l:(vz Vv, — o V3,n>2:| =3 (22)

2

where

Vz( )= ( ),11+( ),22
In terms of the dimensionless variables, boundary conditions (4) can be written as

S13 = 8§33 = 833 (&= +1) (23)

Boundary conditions (23) are to be satisfied by each coefficient of expansions (10). Satisfaction
of Eq. (23) by Eq. (21) and (22) yields.

©)3 2 ;
__H 2 w
ol ) "
1y 1+ w2
Vi + <T> Vias + (T) Va2 — 072 Vi (25)

and

(0)3 2
__H 2 w }
Sp3=—" [<V Vs — 202 V3,17:>’2 (26)
1 1+v w2
szz‘f‘<2>V211+<2>V1,12“WV2J:

o % (1 _VZ)[(1 V) V3, V2Vy + <1;V> (V3a V%,z),zJ 27)

Integration of the last equation of (12) now yields
0)4 W2 63
533 = S33(¢1, o0 7) + #2 [V2<V2 Vi — #(0)2 Vi n>:| <53 - ?3)

b4
+W? Vi.&s—v(1 — v u®? {V3,11 [Vm +vVs, +u@ 3 (1=v3) (V3 +VV§,2)}

+ V3,22[ Voo +vVy  +u© % (1 _Vz)(Vg,z‘f‘ VV%,I):I
2

w
V(= [Via+ Vo +p Oy (1) Vs, Vi, ] + L2 (V3 Vit Vi Vz,n)} <3

Y
+ 5(1 — VU, v? Vi1t V3, V2V, 5+ (V2 V)

fz
‘Z(I‘V)(Va,ll V3,22_V§,12)]73 (28)
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In order that boundary condition (23) be satisfied, we must have
Y
S33=— 5 (L= O V3 | V3 + V3, V2V 0+ (V2 V)
—2(1=v) (V3,11 V322—V3.12)] (29)

HONVEVE V- W2 OV Y, 1 3WV,

V4
=3y (1 =y’ {V3,11|:V1,1 +VV2,2+#(O) 3 (1 _Vz)(V%,l +VV§,2)}

+V322 [sz +vViq +#(0)% 1=v)(V3,, +VV:25,1):I

W2
+ (=) Va2 [Vi 2+ Vo + P9 (1=v) V3 V3 0] + @2 (Va1 Vit Va2 Vo) }
(30)

Equations (25), (27) and (30) are the equations of motion for a partially non-linear plate
theory which includes the effect of rotatory inertia. They represent the dynamic counterpart
of von Karman’s non-linear plate equations. The coefficient u'? is to be determined from the
relation

= 6

A higher order approximation can be determined from Eq. (13) by using the procedure used
in the above analysis. This theory would incorporate the effects of transverse shear and normal
stress, as indicated by the presence of I, and v,. In this case use has to be made of the relation

(see[3])
1
R #(0)4_12#(1) (32)
u
If we set y equal to zero in equations (25), (29) and (30), we obtain the equations of motion of the
standard linear plate theory. The equations for the in-plane motion are now uncoupled from
that for the transverse motion.

5. Stress Resultants

We define resultant forces and moments as follows :

h 1
Ny = j \ G dxy=ch j_l SepdE s

(33)
h 1
Maﬂzj Uaﬁx3dx3:0h2 j Sap€3dCs
—h -1
Dimensionless forces and moments are defined by
— N — M
= M, =% 34
af O'h afl O_hz ( )

If we now substitute the expansions for the stresses (10) and use Eq. (18), (19) and (20) the first
approximation stress resultants are given by

= Y
Niy :2H(O)|:V1,1+VV2,2 + E(l_vz)ﬂ(o)(Vg,u +VV§,22):I
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N12 = (1 “V)H(O)[V1,2+ Z3 ‘H’(l _Vz) /1(0) Viq V3,2]

= Y
Ny = 2H(0)[VV1,1+V2,2 + 5 (1‘VZ)H(O)(VV§,11+V§,22)]

My = =542V 11+vVs20)
M, = _%(1 —) H@? V312
My, = =34 (0V3 11+ Vi 22) (35)

The constant o occurring in the above relations can be determined by the use of the boundary
conditions. An example of this is given in [4].

6. Example

For small vibrations, equation (36) become
HOSY2Y2Y, — W2 ORVR Y, 43RV, =0

To determine the free vibrations of the plate, a solution of the form

V3 = V3 (61, 52) COS T (37)
is assumed. On substitution into (36), one obtains
pOVIV2IV, + W2 VIV, -3 WiV, =0 (38)

Consider now the special case of a clamped rectangular plate. Let [, be the length in the x;
direction and [, the length in the x, direction. The edge conditions can then be stated as

- [
V3 = V3,1 =0 <§1 =0, —1>

l
l (39)
‘732 V3,2:0 (52203']2>
These conditions are satisfied by assuming ¥ to have the form
V;=Asin? o, & sin? a, &, (40)
where
nl nl
oy = %y =

nomT,

Use of the Galerkin method yields the following equation for the determination of the fre-
quency:

2 .(0)2
7
WO+ 3+ Bodod) = (o +od) R =0 @)
On substituting
1 L
o _ 1 _~
g TR (42)

making use (9) and (14) and neglecting the effect of rotatory inertia, the following expression
for the circular frequency w is obtained:

874D I\? I\ .
2 _ 1421 (i) ]
RV i (l) g )
where D is the flexural rigidity of the plate.

Journal of Engineering Math., Vol. 5 (1971) 99-107



An approximate nonlinear dynamic theory for plates 107

Acknowledgement

This work was supported in part by the National Science Foundation under Grant GK-3665
to the University of Illinois and by the Alexander von Humboldt Stiftung.

REFERENCES

[!] E. Reissner, On the Derivation of Boundary Conditions for Plate Theory, Proceedings of the Royal Society of
London, Series A, 276 (1963) 178-186.

[2] O. E. Widera, An Asymptotic Theory for the Moderately Large Deflections of Anisotropic Plates, Journal of
Engineering Mathematics, 3 (1969) 239-244.

[3] M. W. Johnson and O. E. Widera, An Asymptotic Dynamic Theory for Cylincrical Shells, Studies in Applied
Mathematics, 48 (1969) 205-226.

[4] O.E. Widera and C.-H. Wu, A Boundary Layer Theory for the End Problem of a Circular Cylinder, Journal of
Engineering Mathematics, 2 (1968) 343-353.

[5] V. V. Novozhilov, Foundations of the Nonlinear Theory of Elasticity, Graylock Press, Rochester, New York, 1953.

Journal of Engineering Math., Vol. 5 (1971) 99-107



